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Abstract- In this papertheproblemof designinga polymerrepeatunit with fine–tunedor optimizedthermophysical
andmechanicalpropertiesis addressed.Thevaluesof thesepropertiesareestimatedusinggroupcontributionmethods
basedonthenumberandtypeof themoleculargroupsparticipatingin thepolymerrepeatunit. By exploiting thepre-
vailing mathematicalfeaturesof thestructure–propertyrelationsthefollowing two researchobjectivesareaddressed:
(i) How to efficiently locatea ranked list of the bestpolymerrepeatunit architectureswith mathematicalcertainty;
and(ii) how to quantifytheeffectof imprecisionin propertyestimationin theoptimaldesignof polymers.A blendof
mixed–integerlinearoptimization,chance–constrainedprogramming,andmultilinearregressionis utilized to answer
thesequestions.Theproposedmethodologyis highlightedwith a illustrative example.Preliminaryresults(seealso
Maranas(1996a,b))demonstratethattheproposedframework identifiesthethemathematicallybestmoleculardesign
andquantifiestheprofoundeffect thatpropertypredictionuncertaintymayhave in optimalmoleculardesign.

INTRODUCTION

Optimal computer–aidedmoleculardesign(CAMD) in-
volvesthe identificationof a singlemoleculeor mixture
of moleculesthat optimizesone or multiple objectives
while satisfyinga numberof macroscopicpropertyspec-
ifications. In polymer engineeringit is often important
to systematicallyidentify the architectureof a polymer
which bestmeetsa numberof performancerequirements
and designconsiderations.When thereare only a few
“loose” propertyconstraints,a suitablecandidatemight
be found from polymer propertydatabasesand tabula-
tions However, when many “tight” propertyconstraints
mustbesatisfiedsimultaneouslyor a performanceobjec-
tive needsto be maximized,databasesearching,which
is limited by the numberof tabulatedalternatives,is not
alwayssufficient. The advantageof CAMD is that it is
notrestrictedto anexistingtabulationof polymerdesigns.
Instead,by utilizing structure–propertypredictionmodels
suchasgroupcontributionmethods,(vanKrevelen,1990;
Jobackand Reid 1987; Constantinouand Gani, 1994),
to estimatephysical,chemicaland mechanicalpolymer
properties,CAMD is capableof eliciting new, sometimes
unexpected,moleculardesigns. This aids the prelimi-
nary screeningprocess,which mustbe followed by ex-
perimentaltestingandverificationwith publishedprop-
erty data.A numberof computer–aidedapproacheshave
beenproposedin the chemicalengineeringliteraturefor
thedesignof polymers.Theseincludeenumerationtech-
niques(Joback,1985;DerringerandMarkham,1985),ge-
neticalgorithms(Venkatasubramanian1994),MINLP op-
timization (VaidyanathanandEl–Halwagi, 1996),MILP
optimizationfor linear structure–propertymodels(Con-
stantinou et al, 1995), and MILP reformulationsfor
certain classesof nonlinear structure–propertymodels
(Maranas1996a).

Identifying the best molecular design with mathe-
matical certainty is important becauseby eliminating
the caveat of convergenceto suboptimalmolecularde-
signsthechancesof identifying novel, possiblycounter–
intuitive, superiordesignalternativesareimproved. Fur-

thermore,by removing the possibility of unknowingly
converging to suboptimalsolutions,possiblediscrepan-
ciesbetweenobtainedoptimal solutionsandexperimen-
tally derived designscan be explicitly and unequivoca-
bly attributedto propertyestimationimprecision(uncer-
tainty). The discrepanciesbetweengroup contribution
predictionsandexperimentaldataaretypically 5–10

�
or

even higher (van Krevelen, 1990). The frequency and
magnitudeof thesediscrepanciesprovide amplemotiva-
tion for quantifyingtheir effect on optimalmolecularde-
sign. Without properly quantifying propertyprediction
uncertainty, onecanhave only partial confidencein the
obtainedsolutions.

Thefollowing two objectivesareaddressedherein:

1. Identifywith mathematicalcertaintyarankedlist of
thebestpolymerrepeatunitsarchitectures.

2. Given a probabilisticdescriptionof propertypre-
diction uncertainty, quantifyits effect on theselec-
tion of thebestpolymerdesign.

OPTIMAL POLYMER DESIGN
The optimal polymerdesignproblemis first considered
assumingthat the structure–propertygroup contribution
modelsareexact. While theproposedframework is gen-
erally applicable,initial effortshave focusedon thepoly-
mer designproblem. A detailedanalysiscan be found
in (Maranas,1996a). The essentialfeaturesof the opti-
mal polymerdesignproblemcanbecapturedmathemati-
cally in the following mixed–integernonlinearoptimiza-
tion problem:����� ���
	����	������ (OMD)

subjectto ����� ���	���� � ��� ��!#"%$��'&(&(&(�*)+-,/. 01+��,�� +��,324$��(&'&(&5� +6�, 78�:96";$��'&(&(&(�=<
In formulation (OMD), � " 	�+?> �'&(&(&(� +�@A� is the vec-
tor of the integer variables + , .CB'D �($��FE��'&(&(&HG describ-
ing the numberof timesthe 9JI�K moleculargrouppartic-
ipatesin themolecule.Theexpressions�  " �  	��6� �6!�"
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$��'&(&(&(�*) , establishedby groupcontributionmethods,de-
note the functionality betweenproperty ! and the type
andnumberof differentmoleculargroups.Theobjective
function ��� is ameasureof performanceof themolecu-
lar designandis typically a functionof oneor moreprop-
erties, ��� " ���4	L��1	����=� . Additional constraintsmay
beplacedon (OMD) to ensurestructuralfeasibility. The
following two mostwidely usedmeasuresof performance
areconsidered:

1. Minimizationof themaximumallowablescaledde-
viationof propertiesfrom sometargetvalues(prop-
erty matchingformulation (PM)) which is appro-
priatefor optimallydesigningapolymerwith prop-
ertiesthatmatchsomeprespecifiedtargets:����� M
s.t. M N $��O PPPPPPPP

@Q,�R >�S ,T + ,@Q,�R >�U ,L(+-,8V ��W
PPPPPPPP �X!�"Y$��'&(&'&5�*)

Here M is themaximumscaledviolationoverall tar-
getproperties,� W is the targetvaluefor property!
and� O is anappropriatescale.Typically, themaxi-
mumpercentpropertydeviation is minimized,and
therefore� O " � W .

2. Minimization/maximizationof a singleproperty!�Z
(propertyoptimization(PO) formulation)which is
applicablewhen the identification of a polymer
with the largestor smallestvaluefor oneproperty
(e.g.,density)is soughtwhile maintainingtheother
propertyvalueswithin lowerandupperbounds.�3[�\8]��^��� � *_ " @` ,�R > S ,T*_ + , ] @` ,�R > U ,T*_ + ,

s.t. � � � @` ,�R > S ,T + , ] @` ,�R > U ,T + , � � � �!#";$��'&(&(&'�*)
wherevariable�  _ denotesthe !�Z I�K propertyto be
minimizedor maximizedand� � � � � arethecorre-
spondinglowerandupperbounds.

The group contribution methodscompiled by van
Krevelen(1990)andextensivelyusedbyotherresearchers
(Venkatasubramanianet al, 1995;VaidyanathanandEl–
Halwagi, 1995) areutilized in this study. In (Maranas,
1996a)it is shown that mostof thermophysical,optical,
electromagneticandmechanicalpropertyestimatingfor-
mulaefor polymersconformor canbetransformedto the
following generalfunctionality,

�  	���� " abbc
@Q,�R > S ,L(+-,@Q,�R > U ,L'+-,

d(eef
g*h �i!�";$1�(&'&(&5�F)j& 	�kl�

Here S ,L and U ,L aregiven groupcontribution parame-
tersassociatedwith aspecificmoleculargroup9 andprop-
erty ! . Formulation(OMD) is, in general,verydifficult to
solve dueto nonlinearitiesin theproperty–structurerela-
tions andthe large numberof waysthat a setof molec-
ular groupscanbe interconnectedin a structurallyfeasi-
ble manner(JobackandStephanopoulos,1989). A sys-
tematicanalysisframework is introduced(see(Maranas,

1996a)for details),for transformingthe original formu-
lations(PM) and(PO) with nonlinearstructure–property
functionalitiesof type (I) into equivalentmixed–integer
linear(MILP) problems.Thisis accomplishedby (i) elim-
inating absolutevalues,(ii) expressinginteger variables
as the sumof binaries,and(iii) eliminatingproductsof
binaryandcontinuousvariablesthroughtheir equivalent
representationwith linearconstraints.Thekey advantage
of reformulating(PM) and(PO) asMILP problemsis that
efficient MILP solvers (e.g.,CPLEX) canbe utilized to
locatetheglobaloptimummoleculardesignwith mathe-
maticalcertainty. Moreover, by incorporatingappropriate
integer cuts in the formulationnot only canthe bestso-
lution be found,but the secondbest,third best,etc. can
begeneratedsuccessively. Next, a motivatingexampleis
addressedto highlight the proposedoptimizationframe-
work.

IllustrativeExample

This small–scaleexampleinvolvesthe designof a poly-
mer repeatunit which meetsconstraintson density, wa-
terabsorption,andglasstransitiontemperature(Derringer
andMarkham,1985).Themoleculargroupswhichareal-
lowedto participatein thepolymerrepeatunit are:

Index 1 2 3 4
Group -CHm -O- -COO- -O-
Index 5 6 7
Group -CONH- -CHOH- -CHCl-

The contribution of thesemoleculargroupsto the three
propertiesof interest(density, glasstransitiontemperature
andwaterabsorptionrespectively), follow the empirical
equationscompiledby vanKrevelen(1990):n " o @` ,�R > ) , + ,qp o @` ,�R >�r , + ,�p3s > 	qt�]�uwvyx'�
z�{ " o @` ,�R >?| { ,�+-,�p o @` ,�R > ) ,q+-,�p s > 	�}:�
~ " o @` ,�R > $���� , + ,�p o @` ,�R > ) , + ,�p s >	qt � m'� ]�t?�������lvy����� &

Thepropertytargetsfor the(PM) formulationare,~ W " D & D�D���	qt � m'� ]�t?�����q�lvy����� �n W " $�& ��D^	qt�]�uwv x � �z W{ " $�$ D^	�}��
Thepropertyscales

~ O � n O � z O{ areselectedto beequal
to the property targets

~ W � n W � z W{ . This ensuresthat
per centdeviationsfrom the target valuesarepenalized
equally for all properties. The propertyboundsfor the
(PO) formulationare:D � ~ � D &�$'���:E��1��� z�{ ��������� and $�� n ��$1& � &
Both formulationsare solved with the GAMS/CPLEX
(Brooks etal, 1990)interface.

First the property matchingproblem (PM) is con-
sidered. Basedon the analysispresentedin (Maranas,
1996a),the original nonlinear, nonconvex formulationis
transformedinto an(MILP). Solutionof the(MILP) for-
mulationyieldsthefollowing five bestmoleculardesigns
shown herein decreasingorderof optimality (CPU less
than1 second).



Table1: Thefivebestsolutionsfor the(PM) problem
Alias RepeatingUnit Violation
1-2 -(CHm -(CHCl)m )- 0.0163
1-3 -(CHm -(CHCl)x )- 0.0263
2-3 -((CHm ) m -(CHCl)x )- 0.0526
0-1 -(CHCl)- 0.1134
1-1 -(CHm -CHCl)- 0.1169

Note that all five best moleculardesignsinvolve only
moleculargroups-CHm - and-CHCl- in 1-2, 1-3, 2-3, 0-
1 and 1-1 ratios respectively. The predictedmaximum
scaledpropertyviolations rangefrom about E � for the
bestto $�E � for the fifth best. Clearly the solution ob-
taineddependsontheadoptedscaling;thereforeit is very
importantto selectthe scalingpropertyfactorsin a way
thattruly reflectstheir relative importance.

Next the propertyoptimizationproblem(PO) is ad-
dressedinvolving the minimizationof the waterabsorp-
tion subjectto lowerandupperboundsonglasstransition
temperatureanddensity. Thefive bestmoleculardesigns
in decreasingorderof optimalityare:

Table2: Thefivebestsolutionsfor the(PO)problem
Alias RepeatingUnit W
3-1 -((CHm ) x -CHCl)- 0.00318
2-1 -((CHm ) m -CHCl)- 0.00368
3-2 -((CHm ) x -(CHCl)m )- 0.00401
1-1 -(CHm -CHCl)- 0.00441
2-3 -((CHm ) m -(CHCl)x )- 0.00474

Note that all five bestmoleculardesignsinvolve again
only moleculargroups-CHm - and-CHCl- in 3-1, 2-1, 3-
2, 1-1 and 2-3 ratios respectively. The predictedmini-
mum water absorptionsrangefrom 0.00318to 0.00474	�t � m�� ]�t polymer� .

Resultson larger case–studiesinvolving as many as
30 moleculargroupscanbe found in (Maranas,1996a).
Thereit is observedthatwhile in somecasesthebestde-
sign is clearlysuperiorto thesecond,third, etc. in most
casessucha clearcut distinction is absent.Despitethe
prevailing proximity in objective value the correspond-
ing moleculararchitecturesareoftenvery different. This
allows flexibility in experimentalfollow–up to consider
cost,easeof synthesis,etc. which is not availableshould
only thebestmoleculardesignbereported.

PROPERTY PREDICTION UNCERTAINTY

The work highlightedabove removes the possibility of
unknowingly converging to suboptimalsolutionsfor the
structure–propertyfunctionalitiesathand.Therefore,any
discrepanciesbetweenobtainedsolutionsandexperimen-
tal verificationscan be attributed to propertyprediction
uncertainty. This sectiondescribeshow to assesstheef-
fect of propertypredictionuncertaintyin optimal poly-
mer design. Group contribution methodsare basedon
theconjecturethatmolecularpropertyvaluesareuniquely
definedby the molecularor othergroupscomposingthe
molecule(transferabilityassumption).However, discrep-
anciesbetweenmodelpredictionand actualexperimen-
tal dataimply that the transferabilityassumptionis only
approximatelyaccuratebecausein reality thereis always
somedisagreementbetweenexperimentalmeasurements
andgroupcontribution predictions.Thesediscrepancies
canbe describedby recognizingthat the contribution of
moleculargroupsto variouspropertiesis not unchanged
(independentof moleculararchitecture)but variesslightly
aroundsomenominal value dependingon the particu-
lar moleculararchitecture.This intuitive abstractioncan

be explicitly quantifiedby utilizing multivariateproba-
bility densitydistributions(possiblycorrelated)to model
the likelihood of different realizationsof the employed
groupcontributionparametersS ,L and U ,L . Theproposed
probabilisticdescriptionof uncertaintyrendersboth de-
signspecificationsandperformanceobjective stochastic,
yielding thefollowing optimalmoleculardesignproblem
underuncertainty(SOMD):�3[�\ ��� I��w� {5� I
subjectto � �������H���
	L�  	����=� N¡��� I��w� {5� IJ¢ N¤£� ������� � � � �  	��6� � � � ¢ N¦¥ �!�";$1�(&(&'&5�*)
Formulation (SOMD), which is much harder to solve
than(OMD), involvesasetof constraintsimposinglower
boundson the probability of satisfyingthe performance
objective and the imposed property lower and upper
bounds.Theseconstraintsarecalledchance–constraints.
(SOMD) identifies the maximum value of the perfor-
mancetarget ��� I��w� {5� I whichthestochasticperformance
objective ��� can meet with probability of at least £
(e.g., 90

�
), and at the sametime maintainall property

valueswithin their respective lower and upper bounds
with probability greaterthan or equal to ¥ . Therefore,
thesolutionof (SOMD) will haveat leastan £ chanceof
meetingtheperformanceobjectiveandat leasta ¥ chance
of maintainingthepropertyvalueswithin theirdesignated
bounds. By solving (SOMD) for different valuesof £
and ¥ , trade–offs betweentheperformanceobjective tar-
get ��� I��w� {5� I , the probability £ of meetingthis perfor-
mancetarget,andtheprobability ¥ of satisfyingall prop-
ertyconstraintscanreadilybeestablished.

Two special instancesof (SOMD) are considered
which extendthe propertymatching(PM) andproperty
optimizationformulations(PO), discussedearlier, to ac-
countfor propertypredictionuncertainty.

(i) The stochasticpropertymatchingproblem(SPM)
which identifiesthe type and numberof molecu-
lar groupsfor whichascaledpropertyviolationtar-
get M , guaranteedto bemetby all properties! with
probabilityof at least£ , is minimized.

(ii) The stochastic property optimization problem
(SPO) which identifies the type and number of
moleculargroupsfor which a propertytarget �� _
for property !�Z , met with probability £ , is maxi-
mized while lower and upperboundsfor the rest
of thepropertiesaresatisfiedwith probabilityof at
least¥ .

Formulations(SPM) and(SPO) involveprobabilityterms
whoseevaluationfor eachrealizationof thedeterministic
variablesrequirestheintegrationof multivariateprobabil-
ity densitydistributions.Many integrationmethodsexist,
but in general,they all exacta heavy computationalbur-
deneitherin theform of additionalvariables(quadrature
pointintegration)or excessivefunctionevaluation(Monte
Carlointegration)andthusarerestrictedto problemswith
only a few uncertainparameters(lessthanten).However,
optimalpolymerdesignproblemsroutinely involve from
tensto hundredsof uncertainparameters.To dealwith
sucha high numberof possiblycorrelateduncertainpa-
rameterstheexacttransformationof theoriginal stochas-
tic constraintsinto equivalent deterministiconesis ac-
complishedbasedon theideaspioneeredby Charnesand



Cooper(1959). Assumingthat the uncertainparametersS ,L and U ,T follow stabletwo–parameterprobabilityden-
sity distributions (i.e., normal, Poisson,Chi–square,bi-
nomial,etc.),thestochastic(SOMD) canbetransformed
into an equivalent deterministic (MINLP) formulation
with alinearbinaryandconvex continuouspartwith sepa-
rability (Maranas,1996b).Theresultingconvex (MINLP)
formulationcanbesolvedto globaloptimalitywith exist-
ing decomposition–basedalgorithmssuchasOA/ER and
GBD. This enablesfor thefirst time theexactsolutionof
optimal moleculardesignproblemsunderpropertypre-
diction uncertainty. For the propertymatchingproblem
(SPM), preliminaryresultsindicatethatpropertypredic-
tion uncertaintyhasasignificanteffecton theselectionof
the bestmoleculardesign. For example,frequentrever-
salsof theorderof optimality, foundby thedeterministic
model, occur and dependon the selectedprobability £
of satisfyingthe chance–constraints.This quantitatively
demonstratesthe intuitive expectationthat the answerto
thequestionof whatis thebestmoleculardesigndepends
onhowoftendesigntargetsareallowedto beviolated.

Next a systematicprocedureis highlightedbasedon
multilinear regressionfor calculatingunbiasedestima-
tors (means)andsampleestimatorsof the full variance–
covariancematrix for thegroupcontributionparameters.

Evaluationof thevariance/covariancematrix

Themeansandvariances/covariancesof thegroupcontri-
bution parameterscanbe foundby regressingseparately
the numeratorsand denominatorsof the adoptedprop-
erty predictionfunctionality. This simplifiesthe regres-
sionprocessby maintainingthelinearityof theregression
modelswithoutsacrificingaccuracy.

Let § "/$1�(&(&'&5� } denotea set of molecularcom-
pounds(or repeatunits)and ¨��© theexperimentalmeasure-
mentof property§ for compound§ . Assuminganadditive
linear groupcontribution relationbetweenthe times +-,�©
moleculargroup 9 participatesin compound§ wehave,��© " @` ,�R >-ª ,�+-,«© � § ";$��'&(&(&(� }
where��© is thegroupcontributionestimateof property�
and ª , the groupcontribution parameters.(Multi)linear
regressionis basedon theassumptionsthat for eachspe-
cific X there is a normal distribution of Y which is (i)
independentof X, (ii) whosemeandependslinearlyonX,
and(iii) andwith the samevariancefrom which sample
valuesof Y aredrawn at random.Multilinear regression
can be utilized to identify unbiasedestimators(means)
andsampleestimatorsof thevariance–covariancematrix
of the vectorof uncertaingroupcontribution parameters¬ "® ª > �(&(&'&5� ªl¯�°�± . The minimization of the sum of
thesquaresof thedifferencesbetweentheexperimentally
measured̈��© andestimatedvalues�²©�^��� ³`©FR > 	 ¨��© V ��©�� m " ³`©FR > o ¨��© V @` ,�R > ª ,�+-,«©�p m
yieldstheunbiasedestimatorsfor thevaluesof thegroup
contributionparameters(Snedeckor andCochran,1989),´µ	�¬�� "·¶¹¸ ± ¸Xº s > ¸ ±�»

wherea is the 	 <½¼¾$ � vectorof the groupcontribution
parameters, ¬ "¿ ª > � ª m �(&'&(&(� ª @ °�± �
N is the 	�} ¼À< � matrixwhoseelementsaretheintegers+-,�© countinghow many timesmoleculargroup 9 partici-
patesin compound§ , andp is the 	�} ¼Á$ � vectorof the
experimentalmeasurements,» "/ � > � � m �'&(&(&(� � ³ °�± &

Basedon the analysisof Snedeckor and Cochran
(1989),the 	 <Â¼Ã< � variance–covariancematrix of the
groupcontributionparametervectora is givenby:

Var	�¬�� "·¶¹¸ ± ¸Xº s > M mÄ�Å @
whereM mÄ�Å @ " $} V < ³`©FR > 	 » V ¸ ¬�� ± 	 » V ¸ ¬��
is the unbiasedestimatorof the varianceof the experi-
mentalpropertyvalues.Theidentificationof thevectorof
meansandthe variance–covariancematrix requiresonly
the solution of linear systemsof equalities,thus, very
largevolumesof datacanbeprocessedefficiently. Next
theexampleconsideredearlieris revisitedto highlightthe
proposedframework of analysisandsupporttheseobser-
vations.

RevisitedExample

Thesameexampleaddressedearlieris reconsideredafter
taking into accountpropertypredictionuncertainty. The
groupcontributionparametersareassumedto beindepen-
dent randomvariables(covariancesequalto zero), nor-
mally distributedandwith meanvaluesequalto their re-
portedvalues. Their variancesarechosento reflect the
relative accuracy of thegroupcontribution methods.For
instance,densityestimatesbasedon group contribution
are typically more accuratethan estimatesof water ab-
sorptionor glasstransitiontemperature.Specifically, the
variancer ª ��	 ) ,J� of ) , is chosento bezerobecausethe
repeatunit molecularweight is rigorouslyadditive to the
individual moleculargroup contributions. The variance
of r , is selectedsothat �1� � of possiblerealizationsof r ,arewithin Æ � � fromthemeanvaluéµ	 r ,J� , (seeKreyszig
(1993)). Furthermore,a $ D � scatteraroundthe mean
valuefor � , anda E D � for | { , areimposed. Note that
thesevaluesarenot regressedbasedonexperimentaldata
but ratherareselectedarbitrarilyto providereasonablees-
timatesfor individualpropertyuncertainties.Theequiva-
lentdeterministicformulationof (SPM) for asetof differ-
entvaluesfor M W rangingfrom 0.0163(solutionof (PM))
to 0.30is constructed.Becausetheresulting(MINLP) in-
volvesa convex continuousanda lineardiscretecompo-
nentwhich aremutually separable,the GAMS/DICOPT
interface is guaranteedto identify the global minimum
(singleminimum). The resultsfor differentvaluesof M W
areasfollows:



Table3: Resultsfor the(SPM)problem£ M W RepeatUnit CPUs.
0.1761 0.0163 -(CHm -(CHCl)m )- 32.72
0.2152 0.0200 ” 21.31
0.4151 0.0400 ” 21.31
0.5874 0.0600 ” 9.27
0.7331 0.0800 -((CHm ) m -(CHCl)x )- 15.02
0.8349 0.1000 ” 37.72
0.9043 0.1200 ” 8.82
0.9481 0.1400 ” 10.63
0.9737 0.1600 ” 7.55
0.9876 0.1800 ” 8.58
0.9945 0.2000 ” 8.65
0.9999 0.3000 ” 9.86

Theseresultsshow that, as expected,the higher the
probability £ thelarger(moreconservative)themaximum
scaledproperty violation target for the polymer repeat
unit. Thebestpolymerdesignfor scaledpropertyviola-
tionsof lessthanabout0.065(or £ of lessthan0.6)is the
designidentifiedasthe bestfor the deterministicmodel,
-(CHm -(CHCl)m )-. However for probabilitiesof greater
than0.6 thebestdesignbecomesthe third bestdesignof
thedeterministicmodel-((CHm ) m -(CHCl)x )-. This result
demonstratesthatpropertypredictionuncertaintymayaf-
fecttheselectionof thebestmoleculardesignby reversing
thedeterministicorderof optimality for certainprobabil-
ity levels £ . In otherwords, the answerto the question
of what is thebestmoleculardesigndependson howof-
ten designtargetsare allowedto be violated. Note that
thereis lessthan18

�
chanceof meetingthescaledprop-

ertyviolationtarget D & D $���� predictedby thedeterministic
model.For amorelikely target( £ = 0.5),a three–foldin-
creasein thevalueof thescaledpropertyviolation target
is predicted. Next, the trade-off curves betweenscaled
propertyviolation and probability are generatedfor the
fivebestmoleculardesignspredictedby thedeterministic
model(SeeFigure1). Simpleinspectionof the trade-off
curvesrevealsthat the first threemoleculardesignswith
aliases1-2, 1-3, 2-3 aresuperiorto theoneswith 0-1, 1-
1 over the entireprobability range. Additionally, while
for probability lessthanabout0.6 design1-2 is superior
for higherprobabilityvaluesdesign2-3 becomestheop-
timum. Note that this “crossing–over” of the trade-off
curvesof designs1-2 and2-3 is not unique.For example
thecurvefor design1-1crossesovertheonefor design0-
1. Thetrade-off curvesof all moleculardesignsstartfrom
thesolutionderivedby thedeterministicmodelreflecting
that the quantitativeeffect of propertypredictionuncer-
tainty is to penalizethe deterministicmodelpredictions.
The probabilityof meetingthe scaledpropertyviolation
target postulatedby the deterministicmodel is lessthan
fifty percentfor all moleculardesigns.In factthehigher
rankedthemoleculardesignis, the lower theprobability
of meetingthedeterministicmodelpredictionappearsto
be.

Next thepropertyoptimizationproblemunderuncer-
tainty(SPO) is revisitedinvolving theminimizationof the
water absorptionsubjectto lower and upperboundson
glasstransitiontemperatureanddensity. First, themaxi-
mumvalueof ¥ is identifiedfor whichthefivebestmolec-
ular designs3-1, 2-1, 3-2, 1-1 and2-3 satisfy the lower
andupperboundson densityandglasstransitiontemper-
ature.Thesolutionof thedeterministicequivalentrepre-
sentationyields:

Table4: Max ¥ for thefivebestsolutions

Rank RepeatingUnit ¥�Ç �wÈ
1 -((CHm ) x -CHCl)- 0.7505
2 -((CHm ) m -CHCl)- 0.9475
3 -((CHm ) x -(CHCl)m )- 0.9826
4 -(CHm -CHCl)- 0.9954
5 -((CHm ) m -(CHCl)x )- 0.9878

Thesevaluesindicatethatmoleculardesigns2-1, 3-2, 1-
1 and2-3 aremorelikely to satisfythe lower andupper
boundson densityandglasstransitionthanthe bestde-
sign accordingto the deterministicmodel3-1. Thus, if
for exampleaprobabilityrequirementonpropertybounds
satisfactionof 0.90is imposedthenmoleculardesign3-1
mustbeexcludedfrom consideration.

After fixing ¥ for eachoneof the moleculardesigns
3-1,2-1,3-2,1-1 and2-3 to thevaluesshown in Table4,
thestochasticpropertyoptimizationformulationis solved
( + , ’s fixed)while varyingtheprobabilitylevel £ between
0.1 to 0.9999. This yields the trade-off curvesbetween
minimumwaterabsorptiontargetandprobability £ of sat-
isfactionof targetfor thefivebestmoleculardesigns(See
Figure 2). Clearly, the optimality order derived by the
deterministicmodel is maintainedand no “cross–over”
pointsbetweentrade–off curvesareobserved. Theeffect
of uncertaintyis not nearlyaspronouncedasin theprop-
erty matchingproblem. In fact, a scatterof only about
0.0002aroundthe valuefor 	�£ " D & �1� of the waterab-
sorptiontargetis observedfor loweror highervaluesof £ .
For the groupcontribution parametervariancesat hand,
theresultsindicateshow unlikely it is to havetheoptimal-
ity rankingsderivedby thedeterministicmodelchanged.

SUMMARY AND CONCLUSIONS

In this work a prototypical polymer problem with
structure–propertyrelationsinvolving theratioof two lin-
ear expressionsin + , raisedto somereal power is ad-
dressed.A reformulationprocedurewasdescribedfor re-
castingtheoriginal nonlinearprobleminto a (MILP) for-
mulationwhich canbe solved to global optimality with
existing solvers. Next, the conceptof utilizing probabil-
ity densitydistribution function to modeltheuncertainty
of group contribution parameterswas introduced. The
resultingchance–constraintformulation was then trans-
formed into a deterministicequivalent (MINLP) prob-
lem with a convex continuouspart. A small illustrating
examplewas includedto highlight the proposedframe-
work. Resultsindicatedthe importanceof not missing
any optimaldesignsandtheprofoundeffect theproperty
predictionuncertaintycanplay in optimalmolecularde-
sign. The proposedmethodologyis not restrictedto the
specificsof the polymerdesignproblemandefforts are
currentlyunderway to extend in othermoleculardesign
problems.
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Figure1: Trade-off curvesof thefivebestmoleculardesignsof (SPM).
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