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1 IntroductionThe ability to predict whether a given mixture will form one or more azeotropes and tocalculate the conditions and compositions of each azeotrope is essential if one wants to modelseparation processes. Similarly, it is necessary to calculate the e�ects of temperature andpressure on the composition of an azeotrope for process design applications.Many thermodynamic models have been proposed which can predict the phase behaviorof nonideal mixtures. Unfortunately, the accuracy of these models is not uniform over a widerange of mixtures. One useful way of testing the accuracy of a model for a given mixture is tocompare the compositions of the azeotropes predicted by the model with those determined byexperiment. In order to be most useful, a method for calculating the azeotropes of a mixturemust be robust, and must be able to guarantee that all possible azeotropes can be found.Despite the considerable interest in the area of predicting phase equilibria for chemicalmixtures, relatively few methods for prediction of azeotropes have been reported. This isbecause the task of �nding the pressure, temperature, and composition of all azeotropes is anespecially di�cult one, due to the highly nonlinear form of the equations which constitute thethermodynamic models.Most of the previous work reported in the literature has been limited to calculating ho-mogeneous azeotropes. Aristovich and Stepanova (1970) calculated ternary homogeneousazeotropes using the Wilson model under isothermal conditions. Teja and Rowlinson (1973)calculated homogeneous azeotropes of binary mixtures using an equation of state as the ther-modynamic model. Their approach was to �x temperature and vary composition and volumeuntil thermodynamic equilibrium conditions were satis�ed. Wang and Whiting (1986) alsoused an equation of state to calculate homogeneous azeotropes for binary mixtures. Fid-kowski et al. (1993) have presented an interesting homotopy continuation method for �ndinghomogeneous azeotropes.Chapman and Goodwin (1993) presented a search method for �nding homogeneous andheterogeneous azeotropes which uses a Levenberg-Marquardt algorithm to �nd homogeneousazeotropes and then checks the stability of each solution with the tangent plane criteriondescribed by Michelsen (1981). A solution which is found to be unstable is then used as thestarting point for a new search for an heterogeneous azeotrope. This method is limited by thefact that heterogeneous azeotropes do not necessarily correspond to an unstable homogeneousazeotrope solution and vice versa. This method cannot �nd azeotropes for which one or morecomponents have a vapor phase mole fraction of zero. An excellent review on nonideal distil-lation, including a discussion on the computation of azeotropes has recently been publishedby Widagdo and Seider (1996).The purpose of this paper is to propose a new method for determining all homogeneousazeotropes of a non-reacting mixture for several di�erent thermodynamicmodels. This methodmodels the vapor phase as an ideal gas at low pressure, and uses activity coe�cient models forthe liquid phase. The activity coe�cientmodels examined are: the Wilson equation, the NRTLequation, the UNIQUAC equation, and the UNIFAC equation. The problem is formulatedas a global optimization problem in which each global minimum solution corresponds to anhomogeneous azeotrope. Examples demonstrating the performance of this method will beshown for each model. 2



In the Section 2, the mathematical formulation of the problem will be developed. InSection 3, the speci�c activity coe�cient models will be examined, and convex lower boundingfunctions developed for each nonconvex term. The approach based on global optimizationwill be explained in Section 4, and extensive computational results for each activity coe�cientmodel will be presented in Section 5.2 Problem Description and FormulationIn this section, the fundamentals of azeotropy will be summarized and the thermodynamicequations which determine the existence of azeotropes will be presented. Finally, the problemof enclosing all homogeneous azeotropes will be formulated as a global optimization problemin which the objective is to enclose all global solutions.2.1 AzeotropyIn order to develop a method for �nding all azeotropes of a mixture, it is essential to �rstdetermine the thermodynamic conditions for azeotropy. Azeotropes occur in a boiling mixtureof one or more liquid phases when the composition of the vapor phase is the same as the overallcomposition of the liquid phase(s).Azeotropes can be classi�ed by two categories: order and type. The order of the azeotropedescribes the number of species that participate in the azeotrope. For example, a mixture ofcompounds A, B, and C may have a ternary azeotrope ABC in which all three componentsparticipate, and three binary azeotropes, AB, AC, and BC. The type of azeotrope re
ectsthe number of phases present at the point of azeotropy. When a vapor phase and only oneliquid phase are present, the azeotrope is termed an homogeneous azeotrope. In the caseof homogeneous azeotropy, application of the condition that the overall composition of thephases are identical produces the familiar equation:xi = yi 8 i 2 N (1)where xi is the mole fraction of component i in the liquid phase, yi is the mole fraction ofcomponent i in the vapor phase, and N is the set of components.The second type of azeotrope is an heterogeneous azeotrope. Heterogeneous azeotropesoccur when a vapor phase and two or more liquid phases are present at the point of azeotropy.In this case, the composition of the vapor phase must be equal to the overall compositionof the liquid phases. In general, a mixture of N components and M phases may have bothhomogeneous and heterogeneous azeotropes. This paper will not deal with calculation ofheterogeneous azeotropes.2.2 Thermodynamic Conditions for AzeotropyThere are three thermodynamic conditions which a systemmust meet in order for an azeotropeto exist. These conditions are: 1) equilibrium, 2) the composition of vapor phase must be3



identical to the overall composition of the liquid phase(s), and 3) the mole fractions of thecomponents in each phase must sum to unity and must be non-negative.The equilibrium condition requires that the chemical potential of each component mustbe the same in all phases. Since an homogeneous azeotropic system contains a vapor phase(V), and only one liquid phase (L), this condition can be written:�Vi = �Li 8 i 2 N (2)where �Vi and �Li represent the chemical potential of component i in the vapor and liquidphases. From the de�nition of the fugacity of component i in a mixture, f̂i,f̂Vi = f̂Li 8 i 2 N (3)hence, yi�̂Vi P = xi
Li fLi (4)The symbol �̂Vi represents the mixture fugacity coe�cient of component i in the vapor phase.For the liquid phase, 
Li is the activity coe�cient, and fLi is the fugacity of component i inthe liquid phase. Rearranging equation (4) gives,yixi = 
Li fLi�̂Vi P 8 i 2 N (5)At low pressure, the vapor phase can be modeled as an ideal gas, for which �̂Vi = 1, and forthe liquid phase the fugacity is equal to fLi = �sati P sati (PF )i. But, for an ideal gas, �sati = 1,and (PF )i = 1. Therefore yixi = 
Li P satiP (6)Now all of the nonidealities of the system are con�ned to the activity coe�cient term.For binary homogeneous azeotropes, negative deviations from Raoult's law (
Li < 1) resultin a maximum-boiling azeotrope, also called a minimum-pressure azeotrope. Positive devia-tions result in a minimum-boiling (maximum-pressure) azeotrope. Ternary and higher orderazeotropes may also occur at saddle points in the temperature (or pressure) vs. compositionsurface.Conversely, an heterogeneous azeotrope only occurs when positive deviations from Raoult'slaw are very large (
Lji � 1) where j represents each liquid phase j 2M , and the vapor-liquidequilibrium surface overlaps the liquid-liquid equilibrium surface.Note that for an homogeneous azeotrope, the vapor and liquid phases all have the samecomposition, unlike the heterogeneous case. The azeotropy condition requires that the com-position of the vapor phase is identical to the overall composition of the liquid phase(s). Inthe case of an homogeneous azeotrope, this condition simpli�es to:yi = xi 8 i 2 N (7)4



The third condition requires that the mole fractions in each phase sum to unity and havevalues between 0 and 1. Pi2N yi = Pi2N xi = 10 � yi; xi � 1 8 i 2 N (8)2.3 Mathematical FormulationIn order to �nd all azeotropes, one must �nd all solutions to the system of nonlinear equations(6), (7), and (8) listed in the previous section. This paper uses the approach outlined inMaranas and Floudas (1995), which reformulates the problem of enclosing all solutions ofnonlinear systems of constrained equations into a global optimization problem in which thetask is to enclose all global solutions. In this approach, each nonlinear equality is replaced bytwo inequalities and a single slack variable is introduced. For the location of all homogeneousazeotropes, this corresponds to employing equations (6), (7), and (8) and reformulating themas the following global optimization problem:minx;y;T;s ssubject to Pyi � P sati 
ixi � s � 0 8 i 2 N�Pyi + P sati 
ixi � s � 0 8 i 2 Nyi � xi = 0 8 i 2 NPi2N yi = 1Pi2N xi = 1s � 00 � yi � 1 8 i 2 N0 � xi � 1 8 i 2 N (9)Problem (9) may have multiple global minima. Each global minimum of Problem (9)(where the solution s� = 0) corresponds to an homogeneous azeotrope since when s = 0the constraints (6), (7), and (8) are satis�ed. Note that the �rst two sets of constraints of(9) correspond to the nonlinear equations (6) of the equilibrium constraint written as twoinequalities. In addition, note that the nonlinear term P sati 
ixi appears as both a positive anda negative term. Thus, this term must be nonconvex in at least one of the two constraints.This means that if a local optimization approach is used to solve Problem (9), some or all ofthe global solutions may be missed. This problem will be considered in Section 3.Because xi = yi for every i, the system of equations can be simpli�ed by replacing each yiby xi. Therefore, the equilibrium condition becomes,xi(P � P sati 
i) = 0 8 i 2 N (10)5



In order to satisfy this condition, either xi = 0, or (P � P sati 
i) = 0 for each i 2 N . If wewish to search only for azeotropes in which all components participate (an N-ary azeotrope),the condition can be further simpli�ed to (P � P sati 
i) = 0 for each i 2 N .Because P sati and 
i are usually given as lnP sati and ln 
i, it is convenient to take thenatural log of the simpli�ed equilibrium constraint, resulting in:lnP � lnP sati � ln 
i = 0 8 i 2 N (11)Then the formulation becomes:minx;T;s ssubject to lnP � lnP sati � ln 
i � s � 0 8 i 2 N� lnP + lnP sati + ln 
i � s � 0 8 i 2 NPi2N xi = 10 < x < 1s � 0 (12)Note that the �rst two sets of constraints in (12) represent the nonlinear equation (10)for xi 6= 0;8 i 2 N in the form of two inequalities. For azeotropes in which less than N ofthe components participate (a k-ary azeotrope where k � N), the case where xi = 0 for oneor more component must be accounted for. This can be done by multiplying the equilibriumconstraints used in (11) by xi. The general search for all k-ary homogeneous azeotropes isformulated as: minx;T;s ssubject to xi(lnP � lnP sati � ln 
i)� s � 0 8 i 2 Nxi(� lnP + lnP sati + ln 
i)� s � 0 8 i 2 NPi2N xi = 10 � x � 1s � 0 (13)In the following section, this general formulation will be applied to four di�erent activitycoe�cient models: the Wilson equation, the NRTL equation, the UNIQUAC equation, andthe UNIFAC equation. For each model, the nonconvex terms are identi�ed and convex lowerbounding functions are developed.
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3 Activity Coe�cient ModelsThe problem formulations, (12), and (13) contain several nonconvex functions. If a localoptimization approach is used to solve these problems, it is likely that some of the multipleglobal minimawill be missed, or even that none will be found. Therefore, in order to guaranteethat all global minima are enclosed, it is necessary to develop a convex relaxation of theproblem. In the approach used in this paper, a lower bound on the solution of (12) and (13) isobtained by replacing each nonconvex constraint with a tight convex underestimator and thenusing a commercially available nonlinear solver such as MINOS5.4 as described in Maranasand Floudas (1993) and Maranas and Floudas (1994a). The upper and lower bounds on thesolutions are then re�ned using a branch and bound approach.A convex relaxation is developed by partitioning each nonlinear function in the constraintequations into convex and nonconvex terms. Tight convex lower bounding functions are thendeveloped and replace each nonconvex term in the constraints.This section analyzes the equations in the azeotropy problem formulation which containnonconvex terms. In each case, the form of the equation is introduced, and the nonconvexterms are identi�ed. For each nonconvex term, a convex lower bounding function is calculated.The saturated vapor pressure equation is examined �rst, then the Wilson equation, the NRTLequation, the UNIQUAC equation, and the UNIFAC equation will each be discussed.3.1 Saturated Vapor Pressure EquationIn this work, the saturated vapor pressure is calculated using the Antoine equation:lnP sati = ai � biT + ci (14)where ai, bi, and ci are constants. The parameters ai and bi are always positive, while ci maybe positive or negative but j ci j< T . In the problem of �nding all N-ary azeotropes, denotedas Problem (12), this term appears in the constraints as both (� lnP sati ) and (+ lnP sati ). Itcan be easily shown that the term: � biT + ci (15)is concave in T. As a result, in the �rst set of constraints of (12) which have (� lnP sati ), thisterm is convex and no underestimation is needed. In the second set of constraints however,this term is concave and a convex underestimator is required. A convex underestimator forthis concave term is simply a line segment between the values of the term at each limit. Thatis, � biT + ci � � biTL + ci + � biTU+ci + biTL+ciTU � TL (T � TL) (16)where TL, TU are the lower and upper bounds on the temperature in the current region.7



In the formulation for �nding all k-ary azeotropes (13), the Antoine equation is multipliedby the liquid mole fraction, xi. In this case, both the positive and negative terms (�xi lnP sati )and (+xi lnP sati ) are nonconvex. These terms have the form:xi lnP sati = f(xi) � 1g(T ) (17)where f(xi) and g(T ) are univariate functions. Maranas and Floudas (1995) extended thework of Al-Khayyal and Falk (1983) on the convex lower bound of the bilinear product xy toproducts and quotients of arbitrary univariate functions, i.e., f(x)g(y) and f(x)g(y) . For a termof the form f(x)g(y) , where xL � 0 and xU � 0, the convex lower bound is given by:f(x)g(y) � max (fL(x)g(y) + f(x)gU (y) � fL(x)gU (y) ;fU (x)g(y) + f(x)gL(y) � fU (x)gL(y)) :where fL(x) refers to the minimum of f over the domain xL � x � xU and fU (x) is themaximumof f . The same notation is true for g(y) also. When applied to the current problem,the convex lower bound becomes:bixiT + ci � max ( bixLiT + ci + bixiTU + ci � bixLiTU + ci ;bixUiT + ci + bixiTL + ci � bixUiTL + ci) :For the case when a convex underestimator for a term of the form �f(x)g(y) is needed a di�erentformula must be used, Maranas and Floudas (1995).�f(x)g(y) � max (� f(x)gL(y) + fL(x)g(y)gL(y)gU(y) � fL(x)gU (y) ;� f(x)gU(y) + fU (x)g(y)gL(y)gU(y) � fU(x)gL(y)) :So the convex lower bounding function for the term of this form is:8



� bixiT + ci � max (� bixiTL + ci + bixLi(TL + ci)(TU + ci)T � bixLiTU + ci ;� bixiTU + ci + bixUi(TL + ci)(TU + ci)T � bixUiTL + ci) :3.2 Wilson EquationWilson (1964) developed an equation to model the 
uid phase excess Gibbs free energy forvapor-liquid systems. The Wilson equation is often used to model solutions containing polarand nonpolar components. The Wilson activity coe�cient equation is:ln 
i = 1 � ln0@Xj2N xj�ij1A � Xj2N xj�jiPk2N xk�jk (18)where �ij is the nonsymmetric binary interaction parameter between components i and j with�ii = 1. When the Wilson equation is used, the problem of �nding all N-ary homogeneousazeotropes is formulated as:minx;s ssubject to ln Pj2N xj�ij!+ Pj2N s1j�ji + biT+ci + lnP � ai � 1 � s � 0 8 i 2 N� ln Pj2N xj�ij!+ Pj2N s2j�ji � biT+ci � lnP + ai + 1 � s � 0 8 i 2 NPi2N xi = 10 < x < 1s � 0 (19)where, s1j = xjPk2N xk�jk (20)and, s2j = � xjPk2N xk�jk (21)9



The s1j and s2j equations are used to isolate the nonconvex terms in the complicated sum-mation expression. The Wilson expression for the activity coe�cients contains three di�erentnonconvex terms. The �rst nonconvex term is (ln Pj2N xj�ij). The second and third nonconvexterms are s1j and s2j . As was described in the preceding section on the Antoine equation, mul-tiplication of the equilibrium constraints by xi in the problem of �nding all k-ary azeotropesfurther complicates the nonconvex expressions. For the k-ary azeotrope problem (13), theWilson equation now contains nonconvex terms:xi ln(Xj2N xj�ij) � xi ln(Xj2N xj�ij) xi Xj2N s1j�ji and xi Xj2N s2j�ji (22)A convex lower bounding function must be developed for each of these nonconvex terms.The procedure for constructing the underestimating functions for the Wilson equation is pre-sented in Appendix A. Using the convex underestimating functions, we have developed amethod for �nding all homogeneous azeotropes with the Wilson activity coe�cient equation.The algorithm for the method will be presented in Section 4. Example calculations using theWilson model are shown in Section 5.3.3 NRTL EquationThe NRTL equation was derived by Renon and Prausnitz (1968) for 
uid phase activitycoe�cients using the Non-Randomness assumption and Scott's Two-Liquid theory. The NRTLformula for the activity coe�cient is:ln 
i = Pj2N �jiGjixjPj2N Gjixj + Xj2N GijxjPk2NGkjxk (�ij � Pk2N �kjGkjxkPk2N Gkjxk ) (23)Substituting this expression into formulation (12) yields:minx;s ssubject to � Pj2N �ij Gijxjyj + Pj2N Gijxjyj wjyj � wiyi + biT+ci + lnP � ai � s � 0 8 i 2 NPj2N �ij Gijxjyj � Pj2N Gijxjyj wjyj + wiyi � biT+ci � lnP + ai � s � 0 8 i 2 NPi2N xi = 10 < x < 1s � 0 (24)10



where x denotes the vector of compositions, andyi = Pj2N Gjixjwi = Pj2N �jiGjixj (25)The interaction parameters, �ij and Gij , are functions of temperature. However, for mostsystems, the temperature dependence of the Antoine equation for the vapor pressure outweighsthe temperature dependence of the activity coe�cient equation. Therefore, in this analysis, theinteraction parameters are considered to be constants, and are calculated using a referencetemperature located between the upper and lower bounds for the system being modeled.Taking this into account, formulation (24) contains nonconvex terms of the form:ui = figiand, vi = f1i f2ig1i g2iThe task of constructing convex underestimators for nonconvex terms of the second form isa di�cult one. In the work of Maranas and Floudas (1995), products of N univariate functionscan be underestimated by successively convex lower bounding pairs of univariate functionsin a recursive manner until no pairs are left. A proof is given that there are (N !)2N2N�1 ways ofcombining the N univariate function in pairs of two. In Appendix B, the procedure of Maranasand Floudas (1995) is applied to the above nonconvex terms and convex underestimators arederived explicitly.3.4 UNIQUAC EquationThe UNIQUAC equation was originally developed by Abrams and Prausnitz (1975). Theypostulated that the excess Gibbs energy depended on two e�ects: a combinatorial contributiondue to the di�erences in the sizes and shapes of the components, and a residual contributiondue to the energetic interactions between the components. The original equation was modi�edby Anderson and Prausnitz (1978) in order to improve predictions for systems containing polarmolecules such as water and alcohols. The activity coe�cient for the UNIQUAC equation isgiven as: ln 
i = ln 
Ci + ln
Ri (26)11



where, ln 
Ci = ln �ixi + z2qi ln �i�i + li � �ixi Xj2N ljxj (27)and, ln 
Ri = q0i(1� ln(Xj2N �ji�0j)� Xj2N �ij�0jPk2N �0k�kj ) (28)The combinatorial and residual contributions to the activity coe�cient are represented by
Ci and 
Ri respectively. The �ij are non-symmetric binary interaction parameters, qi, q0i, andri are structural parameters of the pure components, and z is a lattice coordination number.The values li, �i, �0i, and �i are de�ned in terms of the parameters described above and aregiven by: li = z2(ri � qi)� (ri � 1) 8 i 2 N�i = qixiPj2N qjxj 8 i 2 N�0i = q0ixiPj2N q0jxj 8 i 2 N�i = rixiPj2N rjxj 8 i 2 N (29)When the de�nitions of these parameters are substituted into the ln 
Ci and ln 
Ri expres-sions, and these two are added together to form the complete ln 
i equation some simpli�ca-tions can be made. The �nal expression is:ln 
i = (z2qi � 1) ln(Xj2N rjxj)� z2qi ln(Xj2N qjxj)� ri Pj2N ljxjPj2N rjxj�q0i ln(Xj2N �jiq0jxj) + q0i ln(Xj2N q0jxj)� q0i Xj2N �ijq0jxjPk2N �kjq0kxk+�ln ri + z2qi ln(qiri ) + li + q0i�12



As is evident, this expression contains many nonconvex terms. The �rst four nonconvexterms are log terms:ln0@Xj2N rjxj1A ; ln0@Xj2N qjxj1A ; ln0@Xj2N q0jxj1A ; and ln0@Xj2N �jiq0jxj1A (30)The last four nonconvex term are fractional terms:+ Pj2N ljxjPl2N rlxl ; � Pj2N ljxjPl2N rlxl ; + Pj2N �ijq0jxjPl2N �ljq0lxl ; and � Pj2N �ijq0jxjPl2N �ljq0lxl (31)Note that the binary interaction parameter, �ij, is considered to be a constant in this analysis,as described in Section 3.3. Convex underestimating functions are derived for each term inAppendix C. The global optimization problem of �nding all N-ary homogeneous azeotropesusing the UNIQUAC model is formulated as follows:minx;s ssubject to ( z2qi � 1) ln( Pj2N rjxj)� z2qi ln( Pj2N qjxj)� ri Pj2N ljxjPj2N rjxj�q0i ln(Pj2N �jiq0jxj) + q0i ln( Pj2N q0jxj)� q0i Pj2N �ijq0jxjPk2N �kjq0kxk+ �ln ri + z2qi ln( qiri ) + li + q0i�+ biT+ci + lnP � ai � s � 0 8 i 2 N�( z2qi � 1) ln(Pj2N rjxj) + z2qi ln( Pj2N qjxj) + ri Pj2N ljxjPj2N rjxj+q0i ln( Pj2N �jiq0jxj)� q0i ln( Pj2N q0jxj) + q0i Pj2N �ijq0jxjPk2N �kjq0kxk� �ln ri + z2qi ln( qiri ) + li + q0i�� biT+ci � lnP + ai � s � 0 8 i 2 NPi2N xi = 10 < x < 1s � 0
(32)

3.5 UNIFAC EquationIn some cases, one would like to predict the azeotropes for a system where there is insu�-cient equilibrium data to obtain accurate binary interaction parameter values. As a result,several solution-of-groups methods have been developed to allow equilibrium predictions inthese systems. Solution-of-groups methods consider the molecules in the chemical system as13



groupings of elements. For example, 1-propanol contains one CH3 group, one CH2 group,and one CH2OH group. The interactions between the molecules can then be approximatedby determining the interactions between the groups that make up the molecules.The most widely used solution-of-groups method is the UNIFAC equation, originally de-veloped by Fredenslund et al. (1975), primarily because the group-interaction parametersfor many pairs of groups have been calculated and compiled and are updated periodically,Gmehling et al. (1990). As its name indicates, the UNIFAC (UNIQUAC Functional GroupActivity Coe�cients) method is based on the UNIQUAC equation. Like the UNIQUAC equa-tion, the natural logarithm of the UNIFAC activity coe�cient is the sum of a combinatorialcontribution and a residual contribution:ln 
i = ln 
Ci + ln
Ri (33)The combinatorial part, ln 
Ci , uses only pure-component data, and therefore no modi�-cations of the UNIQUAC combinatorial part, Equation (27), are needed. However, in theUNIFAC method, the residual part is calculated as the sum of the energetic interactions ofthe groups, rather than the molecules themselves.First, the pure component parameters, qi and ri, are de�ned as:qi = Xg2G vgiQg and ri = Xg2G vgiRg (34)where G is the set of all groups in the system; vgi is the number of groups g contained incomponent i; Qg is the group area parameter; and Rg is the group volume parameter.The residual part of the UNIFAC equation is given by the following expression:ln 
Ri = Pg2GQgvgi 8<:� Pm2G 	gm Pj2N QmvmjxjPl2G	lm Pk2N Qlvlkxk� ln Pm2G	mg Pj2NQmvmjxj!+ ln Pj2N qjxj!+ ln Pm2G	mgQmvmi!� ln qi+ Pm2G 	gmQmvmiPl2G	lmQlvli9=; (35)where the temperature-dependent group-interaction parameter, 	gm, is given by	gm = exp��agmT � (36)14



and the group-interaction parameter, agm, is determined from experimental phase equilibriumdata. Similar to the NRTL and UNIQUAC equations, the group interaction parametersare treated as constants with respect to temperature in this paper. By introducing a fewsubstitutions, the residual contribution can be simpli�ed toln 
Ri = � Pg2G �gi ln Pj2N �gjxj!+ Pg2G �gi ln Pj2N qjxj!� Pg2G Pj2N �gijxjPk2N �gkxk+�i (37)where the constants �gi; �gj; �gij; and �i are given by�gi = Qgvgi�gj = Xm2G �mj	mg�gij = Xm2G �mi�gj	mg�i = Xg2G�gi � ln0B@ Pm2G�mi	mgqi 1CA+Xg2G �gi Xm2G �mi	gmPl2G�li	lmUsing the simpli�ed expression for the residual contribution, the N-ary formulation usingthe UNIFAC equation is written
15



minx;s ssubject to ( z2qi � 1) ln( Pj2N rjxj)� z2qi ln( Pj2N qjxj)� ri Pj2N ljxjPj2N rjxj� Pg2G�gi ln Pj2N �gjxj!+ Pg2G�gi ln Pj2N qjxj!� Pg2G Pj2N �gijxjPk2N �gkxk+ �ln ri + z2qi ln( qiri ) + li + �i�+ biT+ci + lnP � ai � s � 0 8 i 2 N�( z2qi � 1) ln( Pj2N rjxj) + z2qi ln( Pj2N qjxj) + ri Pj2N ljxjPj2N rjxj+ Pg2G�gi ln Pj2N �gjxj!� Pg2G�gi ln Pj2N qjxj!+ Pg2G Pj2N �gijxjPk2N �gkxk� �ln ri + z2qi ln( qiri ) + li + �i�� biT+ci � lnP + ai � s � 0 8 i 2 NPi2N xi = 10 < x < 1s � 0
(38)

Formulation (38) contains several nonconvex terms. As was the case for the UNIQUACequation, these terms fall into two categories: logarithmic terms, and fractional terms. Inaddition, since the combinatorial part of the UNIFAC equation is identical to the UNIQUACequation, the nonconvex terms that arise from this part are also identical. These equationsare the �rst two expressions in (30), and the �rst two expressions in (31). The convex lowerbounding functions for these terms are given in Appendix C. The nonconvex terms from theresidual part are the following:ln0@Xj2N �gjxj1A ; and ln0@Xj2N qjxj1A (39)and + �gijxjPk2N �gkxk ; and � �gijxjPk2N �gkxk (40)Note that the second logarithmic nonconvex term is identical to one of the nonconvex termsfrom the combinatorial part, for which we have already derived a convex lower boundingfunction. Convex underestimators for the remaining terms are derived in Appendix D.16



4 Procedure for Locating All Azeotropes4.1 DescriptionThe method presented in this paper for locating all homogeneous azeotropes is based on thework of Maranas and Floudas (1995). In this section, the global optimization procedure willbe summarized. The problem is formulated by introducing a slack variable to the equilibriumconstraint of the initial problem. This transforms the initial problem into a global optimizationproblem (9). The problem is simpli�ed by using the homogeneous azeotropy condition toreplace yi by xi. Each feasible solution to the original system of equations corresponds to azero objective function value and denotes the existence of an azeotrope.The multiple global minima of Formulation (9) are enclosed based on a branch and boundprocedure. This procedure creates a convex relaxation of the problem by constructing tightconvex lower bounding functions for each nonconvex term in the constraints. Then, the globalminimum of the convex relaxed problem within some box constraints can be found using anycommercially available local optimization algorithm.When the convex relaxed problem is solved, there are two possibilities. If the solution ofthe relaxed problem is strictly positive inside some rectangular region, then because it is anunderestimator, the solution of the original problem must also be strictly positive inside theregion. This allows us to fathom (eliminate) parts of the total region which do not containany solutions. The second outcome is that the solution is zero or negative. In this case, theoriginal problem may or may not have a solution in the current region and thus the regioncannot be fathomed. Instead, the current region is partitioned into smaller regions and theprocedure is repeated until all regions are fathomed, or a feasible solution is found.It is critical to note that as the size of the current region decreases, the maximumseparationbetween the original constraint functions and the convex relaxed functions also decreases.Therefore, any feasible point of the relaxed problem can become at least �-feasible for theoriginal problem by tightening the bounds around the point.In this work, each region which has a non-positive solution of the convex relaxed problemis partitioned into two smaller regions by bisecting the longest side of the initial region. Ateach iteration in the branch and bound procedure, the lower bound of the original problemis calculated by �nding the in�mum over all minima of the relaxed problem in each regionwhich has not been fathomed. Thus, a simple way of improving the lower bound is to halveonly the subrectangle responsible for the in�mum of the minima of the relaxed problem ateach iteration. Convergence is reached when none of the subrectangles inside the total regionhave a negative lower bound in which case there are no solutions, or when all of the remainingsubrectangles with negative lower bounds have been re�ned to a prespeci�ed size tolerance.In the following section, the basic steps of the algorithm are outlined.4.2 Algorithmic StepsSTEP 0 - InitializationA size tolerance �r and feasibility tolerance �f are selected and the iteration counter is set17



to one. Global bounds are set for temperature T, and the local bounds are set equal to theglobal bounds. In addition, an initial point is selected.STEP 1 - Feasibility and Convergence CheckIf the maximum violation of all nonconvex constraints of the original problem calculatedat the current point for solution s = 0 is less than the feasibility tolerance �f , then the currentpoint is an �f -solution of the original problem. The current rectangle is fathomed if it hasbeen re�ned to the point where its diagonal is less than �r.STEP 2 - Partitioning of Current RectangleThe current rectangle is partitioned into two smaller rectangles by bisecting the longestside in the current rectangle.STEP 3 - Solution of Convex Problems Inside SubrectanglesSolve the convexi�ed optimization problem in both subrectangles by using any convexnonlinear solver (e.g. MINOS 5.4 (Murtagh and Saunders, 1988)). If the solution sr;Itersol ,where r denotes a rectangle, is negative then it is stored along with the value of the variables(x; T ) at the solution point. If sr;Itersol is strictly positive then the element (r; Iter) is fathomedand the corresponding rectangle is no longer considered to contain a possible solution. Notethat the global solution of the original nonconvex problem is known to be zero, thus no upperbounding problem needs to be solved.STEP 4 - Update Iteration Counter and Lower BoundThe iteration counter is increased by one, and the lower bound of the solution is updatedto be the minimum solution over the stored ones from previous iterations. Furthermore, thesolution selected as the new lower bound is erased from the stored set.STEP 5 - Update Current Point and Current BoundsThe current point is selected to be the solution point of the previously found minimumsolution in STEP 4, and the current rectangle becomes the subrectangle containing thepreviously found solution,STEP 7 - Check for ConvergenceIf the lower bound of the solution is less than or equal to zero, then return to STEP 1.Otherwise, terminate.A proof that this procedure is guaranteed to converge is given in Maranas and Floudas(1995).5 Computational ResultsThe algorithm for �nding all homogeneous azeotropes in a multicomponent mixture is writtenin GAMS and was run on a Hewlett Packard 9000/730 machine. The solver MINOS5.4 is usedas a subroutine (Murtagh and Saunders, 1988). All times reported are the total cpu time inseconds needed to obtain all azeotropes in the system. A convergence tolerance of 10�5 was18



used for all examples.In Section 5.1, several example problems are solved using both the Wilson and NRTLequations. In Example 1, both the N-ary and k-ary formulations are used to �nd the azeotropesfor a ternary system. In the rest of the examples, only the N-ary formulation is used, dueto the large advantage in computational requirements it has over the k-ary formulation. InSection 5.2, the application for the UNIQUAC equation is demonstrated with three examples.Finally, in Section 5.3, the UNIFAC equation is used to locate all azeotropes in three systems.In each example, the N-ary azeotrope formulation was used to locate all azeotropes forall combinations of the components. To illustrate, in the �rst example, a ternary systemcontaining acetone, methyl acetate, and methanol is studied. All N-ary azeotropes for thebinary systems acetone-methyl acetate, acetone-methanol, and methyl acetate-methanol, andthe full ternary system are located. Only the combinations that contained azeotropes arereported in the tables. For each system experimental data reported in Gmehling et al. (1994)are listed for all combinations, whether they contained azeotropes or not.In comparing the computational results for the examples with the experimental data, it isnoted that in some cases the equations will fail to predict a known azeotrope, or will predictazeotropes where none exist. This demonstrates the importance of obtaining reliable estimatesof the pure-component and binary-interaction parameters for the system being studied. Inaddition, it is well known that no single thermodynamic model provides superior results forevery system. The purpose of the following examples is to demonstrate the performance ofthe global optimization based approach for several di�erent activity coe�cient equations. Noattempt is made to determine the most accurate model or set of parameters for the systemspresented.The binary interaction parameters used in this work are taken from the DECHEMAVapor-Liquid Equilibria Data Collection, Gmehling and Onken (1977). In the examples where theWilson equation is used, the liquid molar volumes were calculated by a modi�ed Rackett equa-tion, Yamada and Gunn (1973). For the UNIFAC equation, the group interaction parameterswere obtained from Gmehling et al. (1982) and Hansen et al. (1991).5.1 Application to the Wilson and NRTL ModelsExample 1: Acetone/Methyl Acetate/MethanolA common system encountered in the literature of phase equilibria is the Acetone/MethylAcetate/Methanol system, Fidkowski et al. (1993). Experimental data show that this systemcontains three binary azeotropes and one ternary azeotrope, Table 1. In this example, theWilson and NRTL equations are used to model the liquid phase activity coe�cients. As can beseen in Table 2, the Wilson equation predicted all four azeotropes. The Acetone-Methanol andMethyl Acetate-Methanol binary azeotrope predictions are close to the experimental results.On the other hand, the prediction for the Acetone-Methyl Acetate azeotrope and the ternaryazeotrope are signi�cantly di�erent than the experimental results. Note, hoewever, that ourresults with the Wilson equation are virtually identical to the results of Fidkowski et al. (1993).19



This veri�es that the global optimization method will �nd all homogeneous azeotropes thatcan be predicted by a given activity coe�cient equation and set of parameters. In general,the NRTL equation gave better results for the prediction of the binary azeotropes, but theNRTL equation does not predict a ternary azeotrope.The computational requirements for calculating the binary azeotropes were under one cpusecond for both activity coe�cient models. In Table 2, the column NLP Subs. refers to thenumber of nonlinear subproblems that were solved in order to converge to the global solution.For the binary systems in this example, about forty nonlinear subproblems were solved perCPU second. In the ternary system, about thirty subproblems were solved per CPU second,due to the larger size of the problem. For the ternary azeotrope with the Wilson model, thecpu requirement was 7.39 seconds.In the the second part of this example, the k-ary azeotrope problem de�ned in formulation(13) was used with the Wilson activity coe�cient equation to locate all binary and ternaryazeotropes in the system. The results for this example are listed in Table 3.While this method successfully located all of the azeotropes, it was much slower thanthe N-ary formulation (278.75 cpu seconds). A total of 272 NLP subproblems were solved inorder to �nd all of the azeotropes using the N-ary formulation. However, the k-ary formulationrequired 1763 subproblems, and only six subproblems per CPU second could be solved. Thisis due to the more complicated nonconvex expressions in the k-ary azeotrope problem, seeAppendix A. The convex underestimators in this case are not as tight as for the N-aryazeotrope problem. As a result, it is more e�cient to formulate a series of N-ary azeotropeproblems to �nd all azeotropes in a multicomponent mixture, rather than solve a single k-aryazeotrope problem.Example 2: Methanol/Benzene/i-Propanol/n-PropanolIn this quaternary example, three binary azeotropes have been reported in the literature,as shown in Table 4. No experimental data was found for the ternary and quaternary systems.Both the Wilson and NRTL equations predicted only the three reported azeotropes. Theresults for the Wilson equation are very close to the reported compositions and temperatures ofthe azeotropes. The results for the NRTL equation are also close to the reported values, withthe exception of the Methanol-Benzene azeotrope. As in Example 1, the binary azeotropeswere identi�ed using the N-ary azeotrope problem formulation which required less than onecpu second to converge. Both the Wilson and NRTL models showed similar cpu times.Example 3: Benzene/Hexa
uorobenzeneThis is an interesting example in which there are two azeotropes in a single binary system.This example demonstrates the ability of the global optimization method to �nd multipleazeotropes in a single system. The system examined is benzene/hexa
uorobenzene, whichhas two binary azeotropes one of which is minimum boiling and benzene rich and the other ismaximumboiling and benzene poor. For this example, only the Wilson equation was used. No20



experimental data were available for a pressure of 0.2 atmospheres. However, by comparisonwith the experimentally observed azeotropes at 30� C and at 40� C, in Table 5, it can be seenthat the predicted azeotropes are very close to the actual azeotropes. The cpu requirementfor �nding both azeotropes was 2.16 cpu seconds.Example 4: Ethanol/Methyl Ethyl Ketone/WaterThis example is the ternary system of ethanol/methyl ethyl ketone/water. This systemcontains three binary azeotropes and a ternary azeotrope. Using the N-ary formulation, boththe Wilson and NRTL models were able to locate all azeotropes, and the results are shownin Table 6. In this case, the Wilson and NRTL results are very similar, and are reasonableclose to the experimental data. The CPU requirements are similar to those in the previousexamples.Example 5: Acetone/Chloroform/MethanolIn this example, a ternary system at higher pressure is studied. No experimental datawas found for this system, but Fidkowski et al. (1993) report that the system contains threebinary azeotropes. All of the binary azeotropes were located by both the Wilson and NRTLmodels. The higher pressure had no e�ect on the computational requirements. The resultsare shown in Table 7.Example 6: Acetone/Chloroform/Methanol/Ethanol/BenzeneA quinary system containing a large number of azeotropes is studied in this example. Theexperimental data in Table 8 show only the systems for which azeotropes have been reported.For the remaining ternary systems, it has been reported in Gmehling et al. (1994) that noazeotropes exist for these systems. With the exception of the single quaternary azeotrope, noexperimental data was found for the other quaternary or for the full quinary system.The Wilson and NRTL models using the N-ary formulation were both able to locate allsix binary azeotropes, two of the three ternary azeotropes, and the quaternary azeotrope. Asexpected, computational requirements increased as the number of components participatingin the azeotrope increased, and the results are reported in Table 9. Note that the Wilsonequation was able to �nd the quaternary azeotrope in 7.58 seconds, while the NRTL equationtook 35.19 seconds. These CPU times are very reasonable, given the size of the system.5.2 Application to the UNIQUAC ModelExample 7: Benzene/Ethanol/Water 21



In this example, the UNIQUAC formulation is used to �nd all azeotropes in the ben-zene/ethanol/water system. This example has been widely examined due to the importanceof the azeotropic distillation process used to separate ethanol and water using benzene as anentrainer. The N-ary azeotrope method located all three binary azeotropes. The benzene-ethanol and ethanol-water predictions are close to the experimental values. The benzene-water binary azeotrope prediction is not as accurate. It has been reported in the experimentalliterature that this system contains a ternary heterogeneous azeotropes, but no ternary ho-mogeneous azeotropes. However, the UNIQUAC equation did predict a ternary homogeneousazeotrope. The results are included in Table 10. The computational requirements were simi-lar to the Wilson and NRTL examples. Between thirty and forty NLP subproblems per CPUsecond were solved for the binary examples, and around sixteen NLP subproblems per secondfor the ternary system. This is slightly slower than Example 1 for the Wilson and NRTLexamples.Example 8: Ethanol/Methyl-Cyclopentane/Benzene/HexaneIn this example, the UNIQUAC formulation is used to �nd all N-ary azeotropes in aquaternary system. For this system, only four binary azeotropes have been reported in theliterature, Table 11. The UNIQUAC equation predicts all of the binary azeotropes fairly well,as shown in Table 12. The exceptions are the methyl cyclopentane-benzene azeotrope andthe benzene-hexane azeotrope for which the predictions deviate signi�cantly from the exper-imental results. In addition, the UNIQUAC equation predicts azeotropes in all four ternarysystems and in the quaternary system. For three of these systems, it has been determinedexperimentally that no azeotropes exist. The computational requirements were similar to theprevious examples and increased as the number of components in the system increased.Example 9: Acetone/Methyl Acetate/Ethyl FormateThis ternary system contains a ternary azeotrope, but only one binary azeotrope, as shownin Table 13. The UNIQUAC equation locates a ternary azeotrope, but the temperature andcomposition are quite di�erent from the experimental results. The acetone-methyl acetateazeotrope is also located along with an additional binary azeotrope, acetone-ethyl formate.5.3 Application to the UNIFAC ModelExample 10: Ethanol/Methyl-Cyclopentane/Benzene/HexaneIn this example, the same quaternary system as Example 8 is studied, this time using theUNIFAC equation. The experimental azeotrope data were shown previously in Table 12. Sur-prisingly, the UNIFAC equation gives better results, shown in Table 14, than the UNIQUAC22



equation. The UNIFAC equation locates all of the binary azeotropes reported in the Gmehlinget al. (1994), and is does not predict the non-existant ternary and quaternary azeotropes thatthe UNIQUAC equation did. The CPU times are of the same order of magnitude as the otherthermodynamic models.Example 11: Acetone/Methyl Acetate/Ethyl FormateThis example is the same ternary system that was discussed in Example 9. The exper-imental data are shown in Table 13. The UNIFAC predictions, Table 15 are similar to theUNIQUAC equation. It is interesting to not that the UNIFAC equation also predicts anacetone-ethyl formate azeotrope at almost the identical position as the UNIQUAC equation,even though it has been reported that no azeotrope exists for this binary system. In fact, theUNIFAC equation also predicts a second acetone-ethyl formate azeotrope.Between twenty and thirty NLP subproblems per CPU second were solved for the binarysystems in this example, slightly slower than the UNIQUAC equation. For the ternary system,around eight subproblems per second were solved.Example 12: Acetone/Methyl Ethyl Ketone/CyclohexaneIn the �nal example, a ternary system containing two binary azeotropes is studied. Theazeotropes are acetone-cyclohexane and methyl ethyl ketone-cyclohexane. For this system, theUNIFAC equation predicts both binary azeotropes, and did not locate any extra azeotropes,as shown in Table 16. Again, the CPU times are in the same range as previous examples.6 ConclusionsThis work has presented a deterministic global optimization method for computing all N-aryand k-ary (k � N) homogeneous azeotropes in mixtures containing N components. Thismethod is based on a branch and bound algorithm to iteratively solve a formulation of theoriginal problem in which the nonconvex constraints are replaced by valid convex underes-timating functions. Nonconvex terms for the saturated vapor pressure equation lnP sati , theWilson equation, the NRTL equation, the UNIQUAC equation, and the UNIFAC equationwere identi�ed and convex underestimating terms derived for each. While only four thermo-dynamic models were used, this method can be extended to include the modi�ed Wilson, andASOG activity coe�cient models.The novel contribution of this approach is that it o�ers a theoretical guarantee of enclosingall azeotropes, while at the same time the computational e�ort is modest. The e�ectivenessof this method was demonstrated for several chemical systems and three di�erent thermody-namic models of the liquid phase activity coe�cients. In all examples, the method found allazeotropes for the systems studied. 23
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A Convex Underestimators for the Wilson EquationThe �rst nonconvex term in the problem of �nding all N-ary azeotropes using the Wilsonformulation that will be examined is ln( Pj2N xj�ij), which is concave in xi, for i = 1; 2; :::; N .Therefore, this term can be underestimated by the following expression:lnXj2N xj�ij � lnmLi + ln mUimLi(mUi �mLi )(Xj2N xj�ij �mLi ) (41)where, mLi = min Pj2N xj�ijs:t: Pj2N xj = 1xLj � xj � xUj (42)and, mUi = max Pj2N xj�ijs:t: Pj2N xj = 1xLj � xj � xUj (43)The second type of nonconvex terms found in the Wilson formulation have the form:0B@s1j = + xjPk2N xk�jk1CA and0B@s2j = � xjPk2N xk�jk1CAFollowing the method presented in Maranas and Floudas (1995) for products of univariatefunctions, the convex underestimators for these terms are:s1j � max 8><>: xLjPk2N xk�jk + xjmUj � xLjmUj ;xUjPk2N xk�jk + xjmLj � xUjmLj 9>=>; :s2j � max 8><>:� xjmLj + xLj Pk2N xk�jkmLj mUj � xLjmUj ;� xjmUj + xUj Pk2N xk�jkmLjmUj � xUjmLj 9>=>; :27



For the k-ary azeotrope problem (13) the nonconvex terms are:0@xi ln(Xj2N xj�ij)1A ;0@�xi ln(Xj2N xj�ij)1A ;0@xi Xj2N s1j�ji1A ; and0@�xi Xj2N s1j�ji1A (44)The �rst nonconvex term above can be considered as the product of two univariate func-tions, xiui, where ui is the log term in the equation. The convex underestimator for thisproduct is, Al-Khayyal and Falk (1983):xiui � max nxLi ui + xiuLi � xLi uLi ;xUi ui + xiuUi � xUi uUi o :where, ui = ln(Xj2N xj�ij)and, uLi = ln(min Pj2N xj�ij)s:t: Pj2N xj = 1xLj � xj � xUjuUi = ln(max Pj2N)xj�ij)s:t: Pj2N xj = 1xLj � xj � xUj (45)Note that xLi ui and xUi ui are nonconvex, so the convex underestimator developed in Equa-tion (41) should be used in place of ui.Similarly, the second nonconvex term is of the form xi(�ui). The convex underestimatorfor this product is: �xiui � max n�xUi ui � xiuLi + xUi uLi ;�xLi ui � xiuUi + xLi uUi o :and again, the ui term in nonconvex and must be replaced by the convex underestimatordeveloped in Equation (41). Consider the third and fourth nonconvex terms in Equation (44)to be of the form: 28



ti = xi(Xj2N uj)which is a sum of products of univariate functions. As shown by Al-Khayyal and Falk (1983),each term can be underestimated by:xiuj � max nxLi uj + xiuLj � xLi uLj ;xUi uj + xiuUj � xUi uUj o :Now when these terms are summed over each j in the set of components N , the followingformula results: Xj2N xiuj � max 8<:xLi Xj2N uj + xi Xj2N uLj � xLi Xj2N uLj ;xUi Xj2N uj + xi Xj2N uUj � xUi Xj2N uUj 9=; :However, the term uj is nonconvex, so it must be replaced by a valid convex underestimator.Recall uj = s1j�ij and a convex underestimator for this term was constructed at the beginningof Appendix A.The upper and lower bounds for the summation terms can be obtained essentially byminimizing the numerator of each term while maximizing the denominator. Substituting infor s1j gives: Xj2N uLj = Xj2N �ji minj2N xjmaxk2N xk�jk= Xj2N xLj �jimUjThe term mUj was de�ned in Section 3 by Equation (43). The term Pj2N uUi is determined in asimilar manner and is: Xj2N uUj = Xj2N xUj �jimLjTherefore, the nonconvex term: 29



t1i = xi Xj2N s1j�jiis underestimated by:t1i � max 8<:xLi Xj2N uj + xi Xj2N xLj �jimUj � xLi Xj2N xLj �jimUj ;xUi Xj2N uj + xi Xj2N xUj �jimLj � xUi Xj2N xUj �jimLj 9=; :where uj � max 8><>: xLj �jiPk2N xk�jk + xj�jimUj � xLj �jimUj ;xUj �jiPk2N xk�jk + xj�jimLj � xUj �jimLj 9>=>; :Through a similar analysis, the term:t2i = �xi Xj2N s1j�jican be underestimated by:t2i � max 8<:xLi Xj2N vj � xi Xj2N xLj �jimUj + xLi Xj2N xLj �jimUj ;xUi Xj2N vj � xi Xj2N xUj �jimLj + xUi Xj2N xUj �jimLj 9=; :where vj � max 8><>:� xjmLj + xLj Pk2N xk�jkmLjmUj � xLjmUj ;� xjmUj + xUj Pk2N xk�jkmLj mUj � xUjmLj 9>=>; :30



B Convex Underestimating Functions for the NRTLEquationIn the NRTL equation formulation of the problem of �nding all N-ary azeotropes, Equation(24), three di�erent types of nonconvex terms are encountered:+pi = wiyi�pi = �wiyi+qi = Xj2N �ijGij xjyj�qi = �Xj2N �ijGij xjyj+ri = Xj2NGij xjwjyjyj�ri = �Xj2N Gij xjwjyjyjwhere yi = Xj2N Gjixjwi = Xj2N �jiGjixjso xi; yi � 0, but wi can be positive or negative.Following the method of Maranas and Floudas (1995) for fractional terms, the �rst twotypes of nonconvex term can be underestimated by:wiyi � max 8><>:264 wLiyi + wiyUi � wLiyUi if wLi � 0wiyUi � wLi yiyLi yUi + wLiyLi if wLi < 0 375264 wUiyi + wiyLi � wUiyLi if wUi � 0wiyLi � wUi yiyLi yUi + wUiyUi if wUi < 0 3759>=>;�wiyi � max 8><>:264 �wLiyi � wiyLi + wLiyLi if wLi � 0�wiyLi + wLi yiyLi yUi � wLiyUi if wLi > 0 375264 �wUiyi � wiyUi + wUiyUi if wUi � 0� wiyUi + wUi yiyLi yUi � wUiyLi if wUi > 0 3759>=>;31



where wLj = mink2N �kjGkjxkwLj = maxk2N �kjGkjxkyLj = mink2N GkjxkyUj = maxk2N Gkjxkand in the second type of nonconvex term, each fractional term in the summation can beunderestimated by: xjyj � max (xLjyj + xjyUj � xLjyUj ;xUjyj + xjyLj � xUjyLj )�xjyj � max (�xjyLj + xLj yjyLj yUj � xLjyUj ;� xjyUj + xUj yjyLj yUj � xUjyLj )Therefore, since Pj (maxxj) = max Pj xj!, the convex underestimator for the second termis: Xj2N �ijGij xjyj � max 8<:Xj2N �ijGij xLjyj + Xj2N �ijGij xjyUj � Xj2N �ijGij xLjyUj ;Xj2N �ijGij xUjyj + Xj2N �ijGij xjyLj � Xj2N �ijGij xUjyLj 9=;�Xj2N �ijGij xjyj � max 8<:�Xj2N �ijGij xjyLj + Xj2N �ijGij xLj yjyLj yUj � Xj2N �ijGij xLjyUj ;�Xj2N �ijGij xjyUj + Xj2N �ijGij xUj yjyLj yUj � Xj2N �ijGij xUjyLj 9=;The third term is more di�cult to underestimate, but a convex underestimator can beconstructed by successively �nding the convex lower bounding function for pairs of univariatefunctions in a recursivemanner until no pairs are left. The recursive procedure for constructingconvex underestimators from pairs of univariate functions, as shown by Maranas and Floudas32



(1995), can be used for the third nonconvex term from the NRTL equation as illustratedbelow.First, the fractional term �xjyj � is considered. Since xLj and xUj are both always greaterthan zero, this term can be underestimated by:xjyj � �2j = max (xLjyj + xjyUj � xLjyUj ;xUjyj + xjyLj � xUjyLj )and since (xj � xLj ) is always positive, �2j is always positive. Next, a convex underestimatingfunction is constructed for the term ��2jyj �:�2jyj � �1j = max 8<:�2;Ljyj + �2jyUj � �2;LjyUj ;�2;Ujyj + �2jyLj � �2;UjyLj 9=;where ��2;Lj = xLjyUj � and ��2;Uj = xUjyLj �.Finally, convex underestimating functions for the terms (�1jwj) and (�1j (�wj)) are con-structed: �1jwj � max nwLj �1j + wj�1;Lj � wLj �1;Lj ;wUj �1j + wj�1;Uj � wUj �1;Uj o�1j (�wj) � max n�wUj �1j � wj�1;Lj + wUj �1;Lj ;�wLj �1j � wj�1;Uj + wLj �1;Uj owhere ��1;Lj = �2;LjyUj = xLjyUj yUj � and ��1;Uj = �2;UjyLj = xUjyLj yLj �. Combining these terms gives aconvex underestimating function for the each fractional term in the summation.xjwjyjyj � max (wLj �1j + wjxLjyUj yUj � wLj xLjyUj yUj ;wUj �1j + wjxUjyLj yLj � wUj xUjyLj yLj )�xjwjyjyj � max (�wUj �1j � wjxLjyUj yUj + wUj xLjyUj yUj ;�wLj �1j � wjxUjyLj yLj + wLj xUjyLj yLj )33



and �1j , �2j , yLj , yUj , wLj , and wUj are as de�ned above. Now, by the same argument as wasgiven for the second type of nonconvex term, the convex underestimator for the third type ofterm is: Xj2N Gij xjwjyjyj � max 8<:Xj2N GijwLj �1j + Xj2N Gij wjxLjyUj yUj � Xj2N GijwLj xLjyUj yUj ;Xj2NGijwUj �1j + Xj2NGijwjxUjyLj yLj � Xj2N GijwUj xUjyLj yLj 9=;�Xj2N Gij xjwjyjyj � max 8<:�Xj2N GijwUj �1j � Xj2N Gij wjxLjyUj yUj + Xj2NGijwUj xLjyUj yUj ;�Xj2NGijwLj �1j � Xj2N GijwjxUjyLj yLj + Xj2NGijwLj xUjyLj yLj 9=;C Convex Underestimating Functions for the UNI-QUAC EquationThe N-ary azeotrope problem using the UNIQUAC equation contains many nonlinear terms.The nonconvex terms can be grouped into two basic categories. The �rst group has the form:ln0@Xj2N cjxj1AThe nonconvex terms in this group are:ln0@Xj2N rjxj1A ; ln0@Xj2N qjxj1A ; ln0@Xj2N q0jxj1A ; and ln0@Xj2N �jiq0jxj1AThese are all concave terms, thus convex underestimating functions can easily be constructed.When terms of this form appear as (� ln Pj2N cjxj) they are convex and do not need underes-timators. The convex underestimators for the �rst three terms above are written:ln0@Xj2N cjxj1A � lnmL + lnnmUmL o(mU �mL) 0@Xj2N cjxj � mL1Afor cj = rj; qj; or q0j and where, 34



mU = max Pj2N cjxjs:t: Pj2N xj = 1xLj � xj � xUjand, mL = min Pj2N cjxjs:t: Pj2N xj = 1xLj � xj � xUjThe convex underestimator for the fourth term is very similar:ln0@Xj2N cijxj1A � lnmLi + ln�mUimLi �(mUi �mLi ) 0@Xj2N cijxj � mLi 1Afor cij = �jiq0j and where, mUi = max Pj2N �jiq0jxjs:t: Pj2N xj = 1xLj � xj � xUjand, mLi = min Pj2N �jiq0jxjs:t: Pj2N xj = 1xLj � xj � xUjThe second group of nonconvex terms are fractional terms of the form:c � xjPl2N dlxl (46)This group includes the terms:+ Pj2N ljxjPl2N rlxl ; � Pj2N ljxjPl2N rlxl ; + Pj2N �ijq0jxjPl2N �ljq0lxl ; and � Pj2N �ijq0jxjPl2N �ljq0lxl35



For terms of this type, the sign of the constant in the numerator determines the formulathat is used for the underestimating function. For the UNIQUAC equation, the parametersqj; q0j; rj; and �ij are always positive, while lj may be either positive or negative. Therefore theconstant c = +�ijq0j will always be positive and c = ��ijq0j will always be negative. However,the sign of the constant for the �rst two terms, c = +lj and c = �lj must be determinedbefore the underestimating function is constructed. When c is positive, the underestimatingfunction for a linear fractional term is given by:cxjPj2N djxj � max 8><>: cxLjPl2N dlxl + cxjmU � cxLjmU ;cxUjPl2N dlxl + cxjmL � cxUjmL 9>=>;When c is negative, the underestimating function is given by:cxjPj2N djxj � max 8><>:�cxjmL + cxLj � Pl2N dlxlmLmU � cxLjmU ;� cxjmU + cxUj Pl2N dlxlmLmU � cxUjmL9>=>;where, mU = max Pl2N dlxls:t: Pl2N xl = 1xLl � xl � xUland, mL = min Pl2N dlxls:t: Pl2N xl = 1xLl � xl � xUlD Convex Underestimating Functions for the UNI-FAC EquationThe N-ary azeotrope problem using the UNIFAC equation contains several nonconvex terms.Most of the terms are identical to the nonconvex terms from the UNIQUAC equation, as36



discussed in Section 5.3. Convex lower bounding functions for these terms are derived inAppendix C. Of the remaining nonconvex terms, the �rst term has the same logarithmic formas discussed for the UNIQUAC equation.ln0@Xj2N �gjxj1AThis is a concave term, thus the convex lower bounding function is given by the followingequation: ln0@Xj2N �gjxj1A � lnmLg + ln�mUgmLg ��mUg �mLg � 0@Xj2N �gjxj � mLg1Awhere mUg = max Pj2N �gjxjs:t: Pj2N xj = 1xLj � xj � xUjand, mLg = min Pj2N �gjxjs:t: Pj2N xj = 1xLj � xj � xUjThe last two nonconvex terms for the UNIFAC equation are fractional terms.+ �gijxjPk2N �gkxk ; and � �gijxjPk2N �gkxkFor the UNIFAC equation, the parameter �gij is always positive. Therefore, for the positivefractional term, the underestimating function is given by:+ �gijxjPk2N �gkxk � max 8><>: �gijxLjPk2N �gkxk + �gijxjmUg � �gijxLjmUg ;�gijxUjPk2N �gkxk + �gijxjmLg � �gijxUjmLg 9>=>;37



For the negative fractional term, the underestimating function is given by:� �gijxjPk2N �gkxk � max 8><>:��gijxjmLg + �gijxLj � Pk2N �gkxkmLgmUg � �gijxLjmUg ;��gijxjmUg + �gijxUj Pk2N �gkxkmLgmUg � �gijxUjmLg 9>=>;where, mUg = max Pk2N �gkxks:t: Pk2N xk = 1xLk � xk � xUkand, mLg = min Pk2N �gkxks:t: Pk2N xk = 1xLk � xk � xUk
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Experimental Data for Acetone (1) { Methyl Acetate (2) { Methanol (3)P = 1:0 atmAzeotrope x1 x2 x3 T (deg C)Data from Gmehling et al. (1994)1-2 0.610 0.390 |{ 56.101-3 0.785 |{ 0.215 55.202-3 |{ 0.680 0.320 54.001-2-3 y 0.048 0.620 0.332 55.10Table 1: Experimental Data for Example 1y : This azeotrope was reported at a pressure of 1.05 atm.
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Results for Acetone (1) { Methyl Acetate (2) { Methanol (3)Find all N-ary Azeotropes: P = 1:0 atmAzeotrope x1 x2 x3 T (deg C) CPU (sec) NLP Subs.Wilson Equation1-2 0.532 0.468 |{ 55.675 0.47 211-3 0.747 |{ 0.253 54.505 0.37 172-3 |{ 0.677 0.323 54.356 0.43 171-2-3 0.272 0.465 0.253 54.254 7.39 217NRTL Equation1-2 0.655 0.345 |{ 55.557 0.94 291-3 0.777 |{ 0.223 55.117 0.57 192-3 |{ 0.663 0.337 53.545 0.52 191-2-3 No ternary azeotrope was found using the NRTL EquationWilson Equation solution from Fidkowski et al. (1993)AMa 0.5396 0.4606 || 55.66AM 0.7480 || 0.2520 54.48MaM || 0.6764 0.3236 54.36AMaM 0.2852 0.4538 0.2610 54.25Table 2: N-ary Solutions for Example 1
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Solution for Acetone (1) { Methyl Acetate (2) { Methanol (3)Find all k-ary Azeotropes: Wilson EquationP = 1:0 atmCPU = 278:75 secNLP Subproblems Solved = 1763Azeotropes x1 x2 x3 T (deg C)1-2 0.532 0.468 |{ 55.6751-3 0.747 |{ 0.253 54.5052-3 |{ 0.677 0.323 54.3561-2-3 0.272 0.465 0.263 54.254Table 3: k-ary Solutions for Example 1
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Solution for Methanol (1) { Benzene (2) { i-Propanol (3) { n-Propanol (4)Find all N-ary Azeotropes: P = 1:0 atmAzeotrope x1 x2 x3 x4 T (deg C) CPU (sec)Experimental Data from Gmehling et al. (1994)1-2 0.605 0.395 |{ |{ 58.081-3 No Azeotrope1-4 No Azeotrope2-3 |{ 0.600 0.400 |{ 71.802-4 |{ 0.791 |{ 0.209 77.103-4 No AzeotropeWilson Equation1-2 0.624 0.376 |{ |{ 58.129 0.722-3 |{ 0.586 0.414 |{ 71.951 0.622-4 |{ 0.780 |{ 0.220 76.946 0.63NRTL Equation1-2 0.063 0.937 |{ |{ 80.166 0.992-3 |{ 0.588 0.412 |{ 71.832 0.682-4 |{ 0.776 |{ 0.224 77.131 0.80Table 4: Solutions for Example 2
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Solution for Benzene (1) { Hexa
uorobenzene (2)Find all N-ary AzeotropesAzeotrope x1 x2 T (deg C) P (atm)Experimental Data from Gmehling et al. (1994)1-2 0.150 0.850 30.00 0.141-2 0.950 0.050 30.00 0.161-2 0.160 0.840 40.00 0.221-2 0.930 0.070 40.00 0.24Wilson EquationCPU = 2:161-2 0.051 0.949 37.650 0.21-2 0.956 0.044 35.508 0.2Table 5: Solutions for Example 3
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Solution for Ethanol (1) { Methyl Ethyl Ketone (2) { Water (3)Find all N-ary Azeotropes: P = 1:0 atmAzeotrope x1 x2 x3 T (deg C) CPU (sec)Experimental Data from Gmehling et al. (1994)1-2 0.501 0.499 |{ 74.001-3 0.895 |{ 0.105 78.102-3 |{ 0.661 0.339 73.501-2-3 0.126 0.580 0.294 73.30Wilson Equation1-2 0.489 0.511 |{ 74.059 0.621-3 0.924 |{ 0.076 78.211 0.622-3 |{ 0.682 0.318 74.035 2.521-2-3 0.253 0.536 0.211 73.006 3.22NRTL Equation1-2 0.486 0.514 |{ 74.076 0.511-3 0.952 |{ 0.048 78.275 0.702-3 |{ 0.657 0.343 73.388 0.851-2-3 0.187 0.560 0.253 72.957 7.19Table 6: Solutions for Example 4
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Solution for Acetone (1) { Chloroform (2) { Methanol (3)Find all N-ary Azeotropes: P = 15:8 atmAzeotrope x1 x2 x3 T (deg C) CPU (sec)Experimental DataNo experimental data was found for this systemWilson Equation1-2 0.312 0.688 |{ 184.914 0.531-3 0.239 |{ 0.761 154.379 0.282-3 |{ 0.358 0.642 150.268 0.67NRTL Equation1-2 0.289 0.711 |{ 184.627 0.791-3 0.266 |{ 0.734 154.267 0.612-3 |{ 0.349 0.651 152.401 0.65Table 7: Solutions for Example 5
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Experimental Data forAcetone (1) { Chloroform (2) { Methanol (3) { Ethanol (4) { Benzene (5)P = 1:0 atmAzeotrope x1 x2 x3 x4 x5 T (deg C)Data from Gmehling et al. (1994)1-2 0.360 0.640 |{ |{ |{ 64.501-3 0.800 |{ 0.200 |{ |{ 55.702-3 |{ 0.653 0.347 |{ |{ 53.352-4 |{ 0.840 |{ 0.160 |{ 59.303-5 |{ |{ 0.610 |{ 0.390 58.154-5 |{ |{ |{ 0.431 0.569 64.801-2-3 0.318 0.241 0.441 |{ |{ 57.671-2-4 0.350 0.460 |{ 0.190 |{ 63.202-3-5 No composition given 60.901-2-3-5 0.182 0.120 0.500 |{ 0.198 57.90Table 8: Experimental Data for Example 6
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Solution for Acetone (1) { Chloroform (2) { Methanol (3) { Ethanol (4) { Benzene (5)Find all N-ary Azeotropes: P = 1:0 atmAzeotrope x1 x2 x3 x4 x5 T (deg C) CPU (sec)Wilson Equation1-2 0.371 0.629 |{ |{ |{ 64.656 0.781-3 0.802 |{ 0.198 |{ |{ 55.457 0.482-3 |{ 0.631 0.369 |{ |{ 53.070 0.812-4 |{ 0.842 |{ 0.158 |{ 59.250 0.953-5 |{ |{ 0.624 |{ 0.376 58.015 0.434-5 |{ |{ |{ 0.454 0.546 67.700 0.841-2-3 0.375 0.189 0.436 |{ |{ 57.218 2.031-2-4 0.374 0.438 |{ 0.188 |{ 63.180 2.111-2-3-5 0.295 0.148 0.463 |{ 0.094 57.154 7.58NRTL Equation1-2 0.351 0.649 |{ |{ |{ 65.109 0.831-3 0.777 |{ 0.223 |{ |{ 55.117 0.552-3 |{ 0.661 0.339 |{ |{ 53.675 1.072-4 |{ 0.846 |{ 0.154 |{ 59.344 0.693-5 |{ |{ 0.618 |{ 0.382 58.013 0.644-5 |{ |{ |{ 0.447 0.553 67.795 0.981-2-3 0.329 0.237 0.434 |{ |{ 57.205 3.881-2-4 0.352 0.454 |{ 0.194 |{ 63.498 3.931-2-3-5 0.313 0.222 0.440 |{ 0.025 57.201 35.19Table 9: Solutions for Example 6
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Solution for Benzene (1) { Ethanol (2) { Water (3)Find all N-ary Azeotropes: P = 1:0 atmAzeotrope x1 x2 x3 T (deg C) CPU (sec) NLP Subs.Experimental Data from Gmehling et al. (1994)1-2 0.570 0.430 |{ 64.801-3 0.704 |{ 0.296 69.302-3 |{ 0.895 0.105 78.101-2-3 No Homogeneous AzeotropesUNIQUAC Equation1-2 0.572 0.428 |{ 67.331 0.94 311-3 0.608 |{ 0.392 61.317 0.84 312-3 |{ 0.886 0.114 78.153 0.84 291-2-3 0.604 0.013 0.383 61.583 6.48 107Table 10: Solutions for Example 7
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Experimental Data for Ethanol (1) { Methyl-Cyclopentane (2) { Benzene (3) { Hexane (4)P = 1:0 atmAzeotrope x1 x2 x3 x4 TData from Gmehling et al. (1994)1-2 0.378 0.622 |{ |{ 60.301-3 0.440 |{ 0.560 |{ 64.701-4 0.332 |{ |{ 0.668 58.702-3 |{ 0.875 0.125 |{ 71.652-4 No Azeotrope3-4 |{ |{ 0.052 0.948 68.501-2-3 No Azeotrope1-2-4 No Experimental Data1-3-4 No Azeotrope2-3-4 No Azeotrope1-2-3-4 No Experimental DataTable 11: Experimental Data for Example 8
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Solution for Ethanol (1) { Methyl-Cyclopentane (2) { Benzene (3) { Hexane (4)Find all N-ary Azeotropes: P = 1:0 atmAzeotrope x1 x2 x3 x4 T CPUUNIQUAC Equation1-2 0.316 0.684 |{ |{ 63.489 1.561-3 0.441 |{ 0.559 |{ 67.292 0.941-4 0.334 |{ |{ 0.666 61.265 1.372-3 |{ 0.738 0.262 |{ 70.367 0.772-4 |{ 0.654 |{ 0.346 72.892 0.783-4 |{ |{ 0.307 0.693 66.919 1.041-2-3 0.301 0.545 0.154 |{ 63.029 3.491-2-4 0.344 0.418 |{ 0.238 64.401 7.941-3-4 0.300 |{ 0.172 0.528 60.669 6.862-3-4 |{ 0.458 0.333 0.209 71.235 5.531-2-3-4 0.322 0.322 0.222 0.133 63.558 27.31Table 12: Solutions for Example 8
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Solution for Acetone (1) { Methyl Acetate (2) { Ethyl Formate (3)Find all N-ary Azeotropes: P = 1:0 atmAzeotrope x1 x2 x3 T (deg C) CPU (sec)Experimental Data from Gmehling et al. (1994)1-2 0.610 0.390 |{ 56.101-3 No Azeotrope2-3 No Azeotrope1-2-3 0.548 0.407 0.045 55.61UNIQUAC Equation1-2 0.774 0.226 |{ 55.877 0.781-3 0.684 |{ 0.316 56.860 1.081-2-3 0.359 0.456 0.185 56.299 12.28Table 13: Solutions for Example 9
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Solution for Ethanol (1) { Methyl-Cyclopentane (2) { Benzene (3) { Hexane (4)Find all N-ary Azeotropes: P = 1:0 atmAzeotrope x1 x2 x3 x4 T (deg C) CPU (sec)UNIFAC Equation1-2 0.371 0.629 |{ |{ 60.632 1.861-3 0.450 |{ 0.550 |{ 67.841 1.161-4 0.357 |{ |{ 0.643 59.054 2.042-3 |{ 0.865 0.135 |{ 71.651 1.603-4 |{ |{ 0.065 0.935 68.900 1.48Table 14: Solutions for Example 10
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Solution for Acetone (1) { Methyl Acetate (2) { Ethyl Formate (3)Find all N-ary Azeotropes: P = 1:0 atmAzeotrope x1 x2 x3 T (deg C) CPU (sec) NLP Subs.UNIFAC Equation1-2 0.443 0.557 |{ 55.490 1.82 471-3 0.683 |{ 0.317 54.658 1.62 531-3 0.443 |{ 0.557 54.718 4.32 891-2-3 0.605 0.354 0.041 55.596 18.28 141Table 15: Solutions for Example 11
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Solution for Acetone (1) { Methyl Ethyl Ketone (2) { Cyclohexane (3)Find all N-ary Azeotropes: P = 1:0 atmAzeotrope x1 x2 x3 T (deg C) CPU (sec)Experimental Data from Gmehling et al. (1994)1-2 No Azeotrope1-3 0.750 |{ 0.250 53.102-3 |{ 0.500 0.500 71.001-2-3 No AzeotropeUNIFAC Equation1-3 0.878 |{ 0.122 55.726 1.602-3 |{ 0.424 0.576 71.822 1.56Table 16: Solutions for Example 12
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